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We consider a classical contact mechanics problem, namely, the indentation of a ductile half-plane by a
rigid ﬂat punch (in plane strain), and revisit it using the dislocation mechanics approach. The dislocation
nucleation and dislocation interaction beneath the indenter are examined. The threshold load for dislo-
cation nucleation and the dislocation emission angle are obtained in analytical form. Moreover, based on
the consideration of dislocation interaction, we explore the mechanism of contact load evolution (hard-
ening). A triangular ‘‘dead zone” beneath the indenter, which could not be thus far accurately explained
by traditional continuum models, is predicted in good agreement with the results of careful experiments
that are reported in the literature. The proposed model is likely to be useful for the analysis of contacts at
both the micro- and macro-scales.
 2010 Elsevier Ltd. All rights reserved.1. Introduction
Contact deformation induced by the highly localized plastic
deformation is a fundamental problem often encountered in engi-
neering practice. In some cases any amount of localized plastic
ﬂow is undesirable; in others contact failure is associated with
extensive surface displacement after the attainment of a given
load. Plastic strain under the contact is also often associated with
damage, i.e. the exhaustion of the material’s ability to sustain
further repeated loading without crack initiation and ultimate frac-
ture. In order to study the mechanism of deformation of a solid
under contact loading, a classical problem formulation is often
considered, whereby the body is thought of as a semi-inﬁnite elas-
tic half-plane, while the counter-contacting body (indenter, asper-
ity) is idealized as a rigid ﬂat punch. This idealization is illustrated
in Fig. 1 (see, e.g. Chakrabarty, 2006). In contrast with pyramid ind-
enters (Vickers or Berkovitch), Hertzian indenters and other tip
shapes, the ﬂat punch indenter generates a complete contact that
may be simpler to study, since the boundary between displace-
ment and traction boundary conditions in this mixed boundary
condition problem remain unchanged, reducing the difﬁculty of
stress analysis. Since this simpliﬁed model has signiﬁcant value
both for engineering applications and as a subject of theoretical
study, it is often adopted in textbooks.ll rights reserved.
: +44 1865 273010.
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. Wiercigroch).The problem is also often extended further to allow in some
way for the plastic deformation of the body under the punch. It
serves as a convenient vehicle to demonstrate the application of
traditional plasticity theories. Furthermore, newly proposed plas-
ticity models are often veriﬁed using this model, in comparison
with the existing results, in order to assess the accuracy and efﬁ-
ciency of novel approaches (Wang et al., 2008).
Solutions using macroscopic ideal plasticity theories (slip line
ﬁelds) are well represented in the literature. Two principal classical
solutions quoted are obtained depending on whether the indenter
is perfectly smooth, or whether frictional effects (or complete
adhesion) are considered at the interface. In the former frictionless
case, Hill (1950) proposed a double slip-line solution for the mate-
rial ﬂow ﬁeld during punch penetration shown in Fig. 2a. For the
latter frictional case, Prandtl (1920) proposed the slip-line solution
for the ﬂow ﬁeld in an ideally plastic material during rigid punch
penetration that incorporates a solid undeformed wedge of mate-
rial underneath the indenter with the shape of an isosceles
triangle.
However, none of these solutions provide a good explanation
for the recent careful experimental results, although it appears that
Prandtl’s solution is more closely applicable (Peterson et al., 2001).
In the experiment, a triangular dead zone beneath the indenter
was found, but its shape was different from Prandtl’s isosceles tri-
angle prediction. In addition, classical continuummodels could not
explain the phenomenon of contact load evolution (hardening)
during the indentation process, whereby the steep linear trend of
the load–displacement graph is followed by the reduction of the
slope with further deformation (Fig. 3). The common deﬁciency
2x
P
1x
Stress concentrated edges 
2a
Fig. 1. A ﬂat punch pressing against a half-plane elastic solid.
Fig. 3. Experimental loading–unloading curve for F82H steel of a ﬂat top cylindrical
indentation test ([Riccardi and Montanari, 2004]Materials Science and Engineering A
(381) 281–291.).
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nature of the mechanism of contact load evolution. Thus, practical
experimental evidence puts into question the validity of classical
continuum models, particularly when used at the micro-scale
(Nicola et al., 2007).
Recent progress in discrete dislocation modelling of contact
plasticity provides an opportunity for re-investigating this issue
(see, e.g. Shenoy et al., 2000; Peterson et al., 2001; Shan et al.,
2005; Nicola et al., 2007). In these studies, plastic deformation be-
neath the contacting surface is modelled through the mechanics of
discrete dislocations incorporated through a set of constitutive
rules. These studies evidently show that dislocation micro-
mechanics may play a prominent role in surface-related failure
phenomena, where the deformation events are triggered by dislo-
cation nucleation and motion involving individual or small num-
bers of dislocations. These studies provide additional insights
into dislocation nucleation from contacting surfaces at the onset
of plastic deformation, but some limitations of these models are
also apparent (for discussion, see Ma and Korsunsky, 2008). Re-
cently, adopting the Rice-Thomson theory, we proposed a disloca-45o
Fig. 2a. Hill’s proposed doubled slip-line solution
45o
Fig. 2b. Prandtl’s proposed slip-line solution fortion nucleation criterion from a contacting surface in which the
surface friction effect is also taken into account (Ma and Korsun-
sky, 2008). Later on, the friction effect on dislocation nucleation
is particularly discussed (Yan and Zhao, 2009).
Following on from previous investigations, in the present study
we intend to address the problems about plastic deformation in an
elastic–plastic solid under ﬂat rigid punch indenter as follows:
(i) In our previous study (Ma and Korsunsky, 2008) the contact
model considered was a single edge of a rigid indenter press-
ing against a semi-inﬁnite solid. Then, adopting the Rice-for the material ﬂow ﬁeld during penetration.
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the material ﬂow ﬁeld during penetration.
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Fig. 4. Driving force acting on a singularity of an elastic body due to external load
and interaction from other singularities.
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proposed. Apart from the stress singularity in the vicinity
of the sharp rigid edge, no other singularity was considered.
However, in the ﬂat punch indentation problem shown in
Fig. 1, a stress singularity at the other edge inevitably exists
that affects dislocation nucleation and emission of the ﬁrst
edge, and vice versa. How does the interaction of singulari-
ties inﬂuence the nucleation of individual discrete
dislocations?
(ii) If the contact system symmetry is maintained (e.g. no global
shear is present), the two dislocations will be nucleated
simultaneously under a critical load, and emitted along
two lines of symmetric orientation (under the assumption
that glide is much easier than climb). How will these dislo-
cations interact with each other after emission from the con-
tacting surface? Is it possible to relate this dislocation
interaction with observed surface load evolution (harden-
ing) widely encountered in practice (see, e.g. Fleck et al.,
2003)?
(iii) If the proposed approach is capable of overcoming the limi-
tations of traditional continuum models, would it be able to
predict correctly the plastic deformation and the deforma-
tion mechanism under the ﬂat punch problem at the
macro-scale? Can the discrete dislocation model explain cor-
rectly the experimental results obtained by Peterson et al.
(2001)?
Before addressing these questions, we begin with clarifying the
basic concept of dislocation. The concept of dislocation has two dis-
tinctmeanings: (i) in the physical aspect, a dislocation is a crystallo-
graphic defect or irregularity within the crystal structure at the
micro-scale considered in materials science. It was proposed in the
1930s to explain the difference between the Frenkel calculation for
the theoretical strength of a crystalline solid, and the measured
values. (ii) In solid mechanics terms, the concept of dislocation
represents a displacement discontinuity with a Burgers vector b in
solids that is not related to the length scale andmaterialmicrostruc-
tures in any detailed way. This object (fundamental singular solu-
tion) is widely used in solid mechanics. E.g., in fracture mechanics
problems the displacement gap between two crack surfaces is often
modelled with ﬁctitious dislocation distributions.
It should be pointed out that the single dislocation model with
the Burgers vector b has also been widely employed for modelling
the onset of plastic deformation in literature. Interestingly, consid-
eration is invariably focused on dislocation properties in speciﬁc
crystal substances, even though isotropic material models are con-
sidered. In the present case we also adhere to isotropic elasticity,
but we do not attempt to make the model material-speciﬁc.
The aim of the present study is to establish a dislocation-based
model for plastic deformation under a rigid ﬂat punch. It is ex-
pected that the dislocation model will be able to explain the exist-
ing experimental results at both micro- and macro-scales, i.e.
provide more accurate load–displacement predictions. The stan-
dard contact problem shown in Fig. 1 will be investigated in this
paper: a rectangular rigid ﬂat punch is pressed into an elastic–plas-
tic (i.e. capable of dislocation initiation and propagation) half-
plane. The friction effect between contact surfaces will be ignored
for simplicity.
This paper will be constructed in the following steps. Firstly, the
driving force on a singularity due to both external loading and the
interaction with other singularities is derived in Section 2. With
this basic solution, the driving force on a discrete dislocation in a
semi-inﬁnite solid under surface contact loading is obtained in Sec-
tion 3. Subsequently in Section 4, a criterion for dislocation nucle-
ation from the contact surface is revisited. The contact/indentation
load evolution (hardening) mechanism is studied in Section 5.Finally, some discussion is presented and conclusions are drawn
in Sections 6 and 7, respectively.
2. Driving force on a singularity due to external load and
internal action from other singularities
Consider a two-dimensional elastic body depicted in Fig. 4
which has perimeter C0 enclosing an area a in which there are a
number of singularities illustrated by the crosses. Traction T0 acts
on part ST of the boundary, while on the remaining part of the
boundary, Su, displacement boundary conditions are prescribed
in the form of the displacement vector u0. We now ﬁctitiously
cut out the patch enclosed by C1 which just contains one singular-
ity. We suppose that the traction and displacement boundary con-
ditions on C1 are ﬁxed. The coordinate system can always be
chosen so that the origin O lies at the singularity, even when the
singularity is advancing. The potential energy P of the cut patch
is given by
P ¼
Z
a1
wda
Z
C1
Tiuids; ð2:1Þ
where the strain energy density w that appears in the ﬁrst integral
is given by w ¼ R eij0 rijdeij. Similar to the approach developed by Ma
and Korsunsky (2008), we can use the principle of virtual work to de-
duce the equivalent driving force on the single singularity due to
external loading and the other singularities as
F ¼ J1 cosaþ J2 sina ð2:2Þ
where
Ji ¼
Z
C1
wmi  Tj @uj
@xi
 
ds; ði ¼ 1;2Þ; ð2:3Þ
and the conservative integrals J1 and J2 (see, e.g. Rice, 1968; Eshelby,
1951; Knowles and Sternberg, 1972; Budiansky and Rice, 1973) are
actually the components of the driving force acting on the singular-
ity in the x1-direction and x2-direction, respectively. The vector sum
of J1 and J2 is the resultant force Fmaxshown in Fig. 4. The driving
force F for the advancement of singularity in the direction of dl is
the projection of Fmax onto this direction.
Building upon the result of this section, the driving force on a
nucleating dislocation due to surface contact and the interaction
with other singularities will be analyzed in the next section. The
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Fig. 5. Symmetrically distributed dislocations under rigid ﬂat contact.
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integral. Therefore for convenience we will use vector the J-integral
to evaluate the Peach-Koehler force in the following sections.3. Driving force on a discrete dislocation due to contact and
other singularities
In plane elastic contact problems the integrals J1 and J2 can be
expressed in terms of complex integral formulae involving Mus-
khelishvili’s complex potential functions (Ma and Korsunsky,
2008). In this section, we search for a complex potential that can
describe the presence of two singularities within a semi-inﬁnite
solid under external contact loading. Finally, we present the driv-
ing force on a singularity due to contact loading.3.1. Driving force represented by complex integrals
In the Muskhelishvili complex formulation of plane elasticity,
all components of stress and displacements can be expressed in
terms of a single potential function UðzÞ and its derivative, as fol-
lows (Muskhelishvili, 1953),
r22 þ r11 ¼ 2½UðzÞ þUðzÞ;
r22  ir12 ¼ UðzÞ UðzÞ þ ðz zÞU0ðzÞ;
2l @u
@x1
þ i @v
@x1
 
¼ jUðzÞ þUðzÞ  ðz zÞU0ðzÞ;
ð3:1Þ
where, i ¼
ﬃﬃﬃﬃﬃﬃﬃ
1
p
; z ¼ x1 þ ix2;l is shear modulus, j ¼ 3 4m for
plane strain, bar over a function denotes complex conjugate, and
the function UðzÞ is holomorphic in Sþ including the point at
inﬁnity.
Similar to authors’ former work (Ma and Korsunsky, 2008), we
may prove that the combination of J1 and J2 in the complex form
in terms of the function UðzÞ is
J1 þ iJ2 ¼ 
ð1 mÞi
l

I
C
U2ðzÞdzþ 2
I
C
U2ðzÞ þUðzÞUðzÞ þ zUðzÞU0ðzÞ
n o
dz
  
; ð3:2Þ
where the notation C means the integral contour enclosing the sin-
gularity. Eq. (3.2) shows that once the function UðzÞ is obtained,
then one may readily ﬁnd the equivalent driving force on the singu-
larity, namely, J1 and J2.3.2. Complex potential function for two dislocations symmetrically
located near the edges of a rigid ﬂat contact (see Fig. 5)
Suppose the contact is frictionless. Using the second equation in
(3.1), one may obtain Muskhelishvili’s complex potential function
for the rigid ﬂat contact loading in the form (Ma and Korsunsky,
2006)
Uc ¼ i P2p
1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃðzþ aÞðz aÞp : ð3:3Þ
Here Pð> 0Þ is the normal force per unit punch thickness perpendic-
ular to the x–y coordinate plane, and the punch width is 2a as
shown in Fig. 5.
Next, consider two edge dislocations with Burgers vectors b1
and b2; ðb cosw1; b sinw1Þ ¼ ðbx1; by1Þ; ðb cosw2; b sinw2Þ ¼ ðbx2; by2Þ,
symmetrically located at s1 ¼ aþ deia1 ; s2 ¼ aþ deia2 within the
semi-inﬁnite plane solid as shown in Fig. 5. The Muskhelishvili
potentials due to the dislocations are, respectively (Suo, 1989;
Ma and Korsunsky, 2008)
Ud1ðzÞ ¼ B1z s1 
B1
z s1 
B1ðs1  s1Þ
z s1ð Þ2
;
s1 ¼ aþ deia1 ¼ aþ deia; B1 ¼ lpið1þ jÞ be
iw1 ;
Ud2ðzÞ ¼ B2z s2 
B2
z s2 
B2 s2  s2ð Þ
ðz s2Þ2
;
s2 ¼ aþ deia2 ¼ a deia; B2 ¼ lpið1þ jÞ be
iw2 ;
ð3:4Þ
where a1 and a2 are the dislocation orientation angles related as
a1 ¼ a and a2 ¼ a, as shown in Fig. 5. Note that w1 andw2 are
the angles respectively made by the edge dislocation Burgers vec-
tors with the surface (Fig. 5), w1 ¼ pþ a and w2 ¼ p a.
Additionally, since the two dislocations are symmetrically dis-
tributed, it is easy to verify that
s2 ¼ s1; B2 ¼ B1 ð3:5Þ
Thus, the complete Muskhelishvili potential for two dislocations
symmetrically distributed in a semi-inﬁnite solid under contact
loading conditions can be approximated by adding the correspond-
ing individual complex potentials as
UðzÞ ¼ Ud1ðzÞ þUd2ðzÞ þUcðzÞ
¼ B1
z s1 þ
B2
z s2 
B2
z s2 
B2ðs2  s2Þ
ðz s2Þ2
 B1
z s1
 B1ðs1  s1Þ
ðz s1Þ2
 i P
2p
1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃðzþ aÞðz aÞp : ð3:6Þ
It should be pointed out that the potential in Eq. (3.6) satisﬁes the
traction boundary conditions resulting from the superposition of
traction boundary conditions for ﬂat rigid punch indentation and
the two dislocations, but does not satisfy displacement boundary
conditions. However, this approximation will be accurate enough
to evaluate the conditions for dislocation nucleation and dislocation
emission.
3.3. Driving force on a discrete dislocation
Considering (3.5), substituting (3.6) into (3.2), and performing
the integral along the integral path C1 enclosing only dislocation
1 (as shown in Fig. 5), we ﬁnally ﬁnd the expression for the driving
force acting on dislocation 1 due to the external contact and the
interaction from dislocation 2, as
1086 L. Ma et al. / International Journal of Solids and Structures 47 (2010) 1082–1089J1 þ iJ2 ¼
ð1 mÞ
l
4p
B1B1
2s1
þ B1B1ðs1s1Þ
4ðs1Þ2
þ B1B1þB1B1B1B1½ 2s1 
B1B1þB1B1½ 
s1þs1
 ð2B1B1B1B1Þðs1s1Þ
4ðs1Þ2
þ B1B1ðs1s1Þðs1s1Þ
4ðs1Þ3
þ 2B1B1ðs1s1Þ
þi P2p B1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃðs1þaÞðs1aÞp  B1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃðs1þaÞðs1aÞp  B1ðs1s1Þs1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃðs1þaÞðs1aÞp 3
 !
266666664
377777775:
ð3:7Þ
Eq. (3.7) gives the dislocation driving force components in x1 and x2
directions. This expression is the fundamental result from which
some especial cases will be derived in the following analysis. For
example, the so-called image force due to the presence of a free sur-
face and of dislocation 2 can be easily obtained by just letting P ¼ 0
in (3.7).4. Dislocation nucleation, critical load, and dislocation
nucleation angle
Dislocation nucleation model for ductile fracture problems was
originally proposed by Rice and Thomson (1974). Although some
more detailed dislocation nucleation models have been subse-
quently proposed (e.g. Rice, 1992; Xu, 2004), it seems that the
Rice-Thomson model remains the most convenient and efﬁcient
for practical studies. Rice-Thomson Dislocation nucleation model
has been adopted into contact damage mechanics (Ma and Korsun-
sky, 2008; Gao and Lou, 2008). The spirit of the Rice-Thomson
model for contact dislocation nucleation can be roughly described
as follows: ignoring lattice friction, assume that once the distance
between the stress concentration origin at the contact surface and
the zero-slip-force position for the dislocation becomes less than
the distance that is the intrinsic characteristic of the particular
material being considered, then a dislocation would be emitted
spontaneously from the origin of stress singularity. Bearing this ap-
proach in mind, we analyze the dislocation nucleation from the ﬂat
rigid punch below.
At the dislocation nucleation stage (d a in Fig. 5), the disloca-
tion driving force can be expressed asymptotically as
J1 þ iJ2 ¼
ð1 mÞ
l
4p 2B1B1ðs1  s1Þ þ i
P
2p
B1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃðs1 þ aÞðs1  aÞp
 "
 B1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃðs1 þ aÞðs1  aÞp  B1ðs1  s1Þs1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃðs1 þ aÞðs1  aÞp 3
1A35 ð4:1Þ
Further, we get
J1 ¼
Pb
2p
1ﬃﬃﬃﬃﬃﬃﬃﬃ
d2a
p sin 3a
2
þ sina
2
þ sina cosa
2
	 

;
J2 ¼ 
l
pð1þ jÞ
bb
d sina
 Pb
2p
1ﬃﬃﬃﬃﬃﬃﬃﬃ
d2a
p cos 3a
2
þ cosa
2
 sina sina
2
	 

:
ð4:2Þ
Thus, the resultant driving force on the dislocation 1 in a direction
in Fig. 5 can be computed from (2.2) as
F ¼ J1 cosaþ J2 sina ¼
Pb
2p
1ﬃﬃﬃﬃﬃﬃﬃﬃ
2da
p sina cosa
2
 l
pð1þ jÞ
bb
d
ð4:3Þ
Dislocation emission condition according to the Rice-Thomson
model is
F ¼ 0; ð4:4Þ
from which, the expression for the threshold contact force is ob-
tained asP ¼ 2lð1þ jÞ
b
ﬃﬃﬃﬃﬃﬃﬃﬃ
2da
p
d
1
sina cos a2
; or eP ¼ Pð1þ jÞd
2lb
ﬃﬃﬃﬃﬃﬃﬃﬃ
2da
p ¼ 1
sina cos a2
:
ð4:5Þ
The critical contact load P and the corresponding dislocation nucle-
ation angle can be found from:
@P=@a ¼ 0 ð4:6Þ
as
ac ¼ 2Arc csc
ﬃﬃﬃ
3
p
 70:5288 ð4:7Þ
and
Pc ¼ 3
ﬃﬃﬃ
6
p
2
l
ﬃﬃﬃ
a
p
ð1þ jÞ
bﬃﬃﬃ
d
p ð4:8Þ
According to the spirit of Rice-Thomson contact model, we suppose
that the distance
d ¼ d0 ð4:9Þ
corresponds to the lowest (critical) load Pc at which dislocation
nucleation ﬁrst happens.
Note that in (4.8) the Burgers vector magnitude b appears. For
simplicity, one can choose to denote
b=
ﬃﬃﬃﬃﬃ
d0
p
¼ ﬃﬃcp ð4:10Þ
in (4.8). Then c becomes another characteristic length parameter
and represents an intrinsic property of the material considered.
Thus, when
P > Pc ¼ 3
ﬃﬃﬃ
6
p
2
l
ﬃﬃﬃ
a
p
ð1þ jÞ
ﬃﬃ
c
p ð4:11Þ
dislocation(s) will be nucleated and emitted from the contacting
surface.
It is interesting to note that the resulting criterion in (4.11) can be
re-expressed ina formthatmakes it similar to theclassical deﬁnition
of the stress intensity factor in linear elastic fracture mechanics. In-
deed, rewriting the right hand side of (4.11), one obtains
Pcﬃﬃﬃﬃﬃﬃ
pa
p ¼ 3
ﬃﬃﬃ
6
p
2
ﬃﬃﬃ
p
p lð1þ jÞ
ﬃﬃ
c
p ¼ K; ð4:12Þ
where K is a critical material parameter for dislocation nucleation
and emission, related to elastic properties and the characteristic
length parameter c as shown in (4.12).
Finally, it is important to point out that the dislocation nucle-
ation angle ac ¼ 2Arc csc
ﬃﬃﬃ
3
p
 70:5288 in (4.7) is a constant inde-
pendent of material parameters and external load. Our result
differs from results of continuum models - for example, Prandtl’s
solution predicts 45, as shown in Fig. 2b.
5. Contact toughening by emitted dislocation inter-locking
In this section we study the subsequent motion of emitted dis-
locations after their nucleation, and their interaction. We concen-
trate on two stages of principal importance: the post-emission
stage and the dislocation locking stage. The ﬁrst stage represents
the beginning of dislocation motion after nucleation (onset of con-
tact plasticity), and the second represents the strongest form of
interaction between two emitted dislocations. Our ﬁnal objective
is to reveal the nature of the contact load evolution (hardening).
5.1. Driving force at the dislocation after dislocation emission
Dislocation nucleation from the highly stressed region near the
two edges is most likely to occur by glide, rather than climb. There-
fore, keeping the applied force P at the threshold value for disloca-
L. Ma et al. / International Journal of Solids and Structures 47 (2010) 1082–1089 1087tion nucleation, and maintaining the emission angle unchanged,
we ﬁnd the resultant force on the dislocation in the a direction
from (4.3) as
F ¼ lc
pð1þ jÞ
ﬃﬃﬃﬃﬃ
d0
pﬃﬃﬃ
d
p  d0
d
 !
: ð5:1Þ
In the normalized form this is
eF ¼ Fpð1þ jÞ
lc
¼ 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
d=d0
p  1
d=d0
 !
: ð5:2Þ
The variation of the normalized resultant force on the dislocation
with the normalized distance from the contact edge is shown in
Fig. 6. Fig. 6 shows clearly that once a dislocation is nucleated, it
is accelerated away from the contact edge at the beginning of its
motion. The maximum force acts on the dislocation when d ¼ 4d0.
5.2. Driving force on the dislocation after emission
Near the dislocations intersection point M shown in Figs. 7(a)
and (b), the dislocation driving force can be presented in terms
of an asymptotic expression from (3.7) as0 20 40 60 80
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Fig. 6. The variation of the normalized resultant force on the dislocation with the
normalized distance from contact edge.
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Case (a) Before meeting, ðD ¼ NM
!
> 0Þ; Case (b) After meeting
ðD ¼ TM
!
< 0Þ.
Inserting s1 ¼ ðdeia  aÞ ¼ acosa D
 
eia  a;a ¼ 2Arc csc
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and
some related variables into (5.1) one ﬁnds
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Now the resultant force acting on the dislocation in direction a can
be obtained from (2.2) as
F ¼ J1 cosaþ J2 sina ¼
7lb2
9pð1þ jÞ
1
D
þ Pb
pa
16
ﬃﬃﬃ
8
p
243
: ð5:3Þ
Consider Fig. 7(a) ﬁrst. From (5.3) one ﬁnds that, when the disloca-
tions are located at point N (and symmetric) a small distance D from
the meeting point M, the resultant force is always positive, F > 0.
This implies that the two dislocations attract strongly and travel to-
wards the intersection (meeting) point M with a decrease of D. This
takes place even without the contact load P. Note that the shorter
the distance D becomes, the greater are the attractive forces be-
tween the two dislocations! Next, we turn to Fig. 7(b). We suppose
that two dislocations overshoot pointM by a short distance of mag-
nitude jDjðD ¼ TM
!
< 0Þ, so that one of them is now at point T (and
the other dislocation is in the symmetric position). Eq. (5.3) shows
that in the absence of applied contact load the dislocation will be
attracted back to the locking (meeting) point M.
Let us now estimate the strength of the lock, i.e. estimate the
contact force required to overcome the dislocation lock attraction.
The critical condition is F ¼ 0 in (5.3), corresponding to
P ¼  189
16
ﬃﬃﬃ
8
p labð1þ jÞ
1
D
¼ 189
16
ﬃﬃﬃ
8
p labð1þ jÞ
1
jDj > 0: ð5:4Þ
In order to assess the magnitude of P in (5.4), let’s compare it with
the threshold load Pc in (4.7) with a reasonable assumption jDj ¼ d0
as (4.9) .
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Fig. 8. Physical explanation for contact deformation and the dislocation inter-
locking.
Fig. 9. Strain ﬁeld formation in a plastic bonded sugar material under indentation
by a ﬂat punch. The image is obtained by the superposition of the velocity
(displacement) ﬁeld onto the optical image of the sample. The velocity ﬁeld was
obtained from speckled photographic results after 8 s, and 0.0136Prime; (0.35 mm)
of indenter displacement (Peterson et al., 2001).
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tions meet at point M, they become permanently inter-locked.
What are the physical consequences? When two dislocations meet
at point M (see Fig. 8), they partially annihilate, and create a defect-
free wedge of material dAMB, This wedge remains elastic and defect-
free, and ‘‘ploughs” into the substrate ahead of the ﬂat punch., This
may serve to explain the mechanism of contact hardening.
6. Discussion
(1) The search for an analytical solution of the problem about
plastic deformation under a complete contact is a challeng-
ing task. Although the 2D model and the analysis presented
in this paper did not aim to solve the problem in its entirety,
it attempted to capture some salient mechanics of plastic
deformation under a rigid ﬂat indenter. Although such anal-
yses do not cover all the stages of contact failure, they pro-
vide important input into the study of the subsequent
stages of plastic deformation, e.g. further dislocation nucle-
ation, emission and accumulation, forming dislocation pile-
ups from both contact edges in Fig. 5.
(2) To most people dislocation initiation and emission in plas-
ticity and contact mechanics means atomic defects, our
attempt is to extend Burgers vector concept to the macro-
scopic scale by allowing the Burgers vector to take any value.
This is indeed a methodology to treat various problems with
discontinuities by means of dislocations, and it ignores the
crystallographic structure of the material. The approach is
suitable for the isotropic solid case, the amorphous materi-
als, and the case in which the size of discontinuity (or defect)
may be much greater than the crystallographic structures of
the materials. The issue concerned about crystallographic
structures will be studied in the framework of theory of
anisotropy in the near future.
(3) The mechanics of contact dislocation initiation, emission
and interaction is analysed in this paper, on the basis of
the principle of maximum potential energy release rate, with
some additional conditions. This is because integral expres-
sions J1 and J2 are interpreted as energy release rates, so that
Eq. (2.2) in fact expresses the maximum potential energy
release rate principle under the constraint of dislocation
movement along a straight line. In addition, in Section 4,
the solution procedure for ﬁnding the critical load for dislo-
cation emission, and the dislocation emission angle using
(4.6), also expressing the principle of maximum potential
energy release rate.
(4) A further important result of the present study concerns the
prediction of dislocation nucleation and emission angle
acð 70:5288Þ. For an illustration of the validity of thisresult, we refer to some experimental observations available
in the literature. Fig. 9 illustrates the ﬁndings of Peterson
et al. (2001). In this experiment, the deformation ﬁeld (strain
map) in a plastic bonded sugar material under the contact
with a ﬂat rigid punch is collected. Fig. 9 shows clearly that
there exists a so-called dead triangular zone with the base
angle of about 70. This agrees with the predictions obtained
in the present analysis.
(5) Note that the theoretical results obtained above can only be
used for considering the initiation stage of slip band formation.
It is nevertheless the opinion of the authors that the analysis
proposed in the present study will be useful for the purpose
of identifying underlying correlations between important
problemparameters andplastic slipband initiationconditions.7. Conclusion
In the present analysis, the plastic deformation in a classical
elastic–plastic contact model was studied using dislocation
mechanics approach. The dislocation nucleation criterion has been
proposed, and the dislocation emission angle has been obtained.
The mechanism of contact load evolution (hardening) during ﬂat
punch indentation has been addressed via the analysis of interac-
tion between emitted dislocations. Based on the above analysis, a
triangular dead zone has been predicted. Note that the shape of
this zone is different and distinct from the classical Prandtl solu-
tion. The predictions of the dislocation model were compared with
the results of careful experimentation given in the literature. The
theoretical prediction appears to provide good initial agreement
with the experimental result. Further work on the development
and validation of this model is under way.
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